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1. Introduction and conclusion

Dyonic instantons in 5-dim Yang-Mills theories in the Coulomb phase have been explored
in many different point of view. Electric Coulomb repulsion balances the force to shrink
instantons in the Coulomb phase [l -[]. Dyonic instantons in the Coulomb phase represents
a typical example of supertubes realized in a field theory. In the Coulomb phase, it has
been argued that dyonic instantons has magnetic monostrings imbedded interior along
which distributed are instanton electric charge and linear momentum [[J—f]. Recently
dyonic instantons configurations are studied in 5-dim A = 1 supergravity model with
nonabelian gauge group [fJ]. A new feature is the 5-dim Chern-Simons term in the action,
which leads nonabelian electric charge on instantons even in the symmetric phase without
costing additional energy.

In this work we investigate dyonic instantons in the 5-dim N = 1 supersymmetric
Yang-Mills theories with Chern-Simons term. While the kinetic energy is not positive
definite, we were able to characterize the 1/2 BPS supersymmetric dyonic instanton con-
figurations which saturate a ‘pseudo’ BPS energy bound. The low energy dynamics of
these dyonic instantons is described by the gauged matrix mechanics theory corrected by



a simple background charge term, which reduces the number of supersymmetries to four.
The moduli space dynamics of these dyonic instantons is a modification of the standard
instanton moduli space dynamics by a term which is first order in time derivative and so
can be attributed as a background magnetic field on the moduli space. We work out several
examples to illuminate the various aspects of the dyonic instantons and also the quantum
aspect of nonabelian charge for a single instanton in the symmetric phase.

The 16 supersymmetric 5-dim U(/V) Yang-Mills theories can arises from the low en-
ergy dynamics of D4 branes. While these theories are not renormalizable, there exists an
ultraviolet completion in terms of the field theory, the so-called (2,0) theory compactified
on a circle of radius g?/47 with the gauge coupling constant g, and the instantons play the
KK mode on the circle. In the Coulomb phase, the instantons collapses. However, there
exist regular dyonic instanton configurations in the Coulomb phase, which can be regarded
as composite of F1 and DO branes on D4 branes. In the Coulomb phase, there is a potential
induced on the moduli space dynamics without breaking the supersymmetry []. There is
a natural induced D2 brane dipole charge which can be regarded as the magnetic monos-
trings inside the dyonic instantons, and so these dyonic instantons in the Coulomb phase is a
typical example of a supertube. These dyonic instantons have been studied in detail [[|-[§].

The 8 supersymmetric 5-dim U(N) Yang-Mills theories with flavor hypermultiplets
have been approached in somewhat differently as their brane counterparts are more com-
plicated. When the flavor number is small, there can be a ultraviolet fixed point with
enhanced global symmetries. The Chern-Simons term can be also induced by the massive
hypermultiplet in the symmetric phase and by the massive gauginos and hypermultiplets in
the Coulomb phase [[[]]. The kinetic energy of the classical theory with the Chern-Simons
term is not positive definite anymore when the scalar field is large. But one expects there is
an ultraviolet complete theory for a small flavor case, for which the kinetic energy remains
nonnegative [[[0, [1]. A complete classification of all possible nontrivial five-dimensional
fixed points of gauge-theoretic origin as been give in ref. [[[J].

Such 8 supersymmetric 5-dim Yang-Mills theories can appear in the brane dynamics
as low energy dynamics of the D5- NS5 web dynamics [[3, [4]. The additional massive
fundamental hypermultiplets can be introduced either by spectator D7 branes or D5 branes.
The integration of the massive hypermultiplets would lead to the Chern-Simons term. The
instantons in 5-dim gauge theories with Chern-Simons term have been discussed briefly in
relation to skyrmions in ref. [, [Lf].

The 5-dim Chern-Simons term is possible for SU(/N) gauge theories with N > 3, and
for those gauge theories with U(1) factor. The Chern-Simons term can be induced by the
massive fermions and its coefficient x should be quantized for the consistency of the path
integral. On noncommutative four-space, the natural gauge group is U(N) and the Chern-
Simons term is possible for all N. The instantons cannot collapse on noncommutative
space, and the low energy dynamics described by the gauged sigma model is modified
by the FI term, which makes the instanton moduli space smooth. While our primary
focus is on dyonic instantons on commutative space, we will make some discussion for the
noncommutative case also. (See ref. [[] for a review on the noncommutative field theory.)

The 1/2 BPS dyonic instanton configuration is characterized by (anti-)selfdual instan-



ton configurations. In the symmetric phase, the Gauss law leads to the electric field profile
for a given instanton configuration. For a single instanton configuration in the SU(N)
gauge theory we find the scalar field profile explicitly which is singular when the instanton
size is less than of order xg?. This shows that the ultraviolet cutoff length scale of the
Yang-Mills theory with the Chern-Simons term is somewhat larger than the natural scale
g? for large k. We do not know the stringy origin of this gap.

The low energy dynamics of the K number of instantons for the 16 supersymmetric
theories have 8 supersymmetric gauged sigma model with hypermultiplets in the adjoint
and fundamental representation of U(K') gauge symmetry. The noncommutative space can
be taken into account by the F-I term in this gauge theory without breaking any supersym-
metry. We argue that the 5-dim Chern-Simons term in the field theory leads to a 1-dim
Chern-Simons term in the gauged linear sigma model, which is basically an interaction
term between the U(K) gauge field and the background charge. The coefficients of two
Chern-Simons terms are identical up to an obvious multiplicative factor. This 1-dim Chern-
Simons term also reduces the supersymmetry of the gauged sigma model by half. While
one needs an ultraviolet completion of the 5-dim theory, the 1-dim gauged sigma model for
dyonic instantons is complete by its own. This leads to a tiny gap for the electric charge
energy calculated in the field theory and the gauged sigma model in the Coulomb phase.

One can reduce further the gauged sigma model to nonlinear sigma model on the
instanton moduli space by solving the vacuum equation of this sigma model and the gauge
field equation. The 1-dim Chern-Simons term leads to a background magnetic field on
the instanton moduli space. (This induced magnetic field was also noted in the context
of the Nekrasov’s instanton counting with 5-dimensional Chern-Simons terms [[[§].) We
find this magnetic field on the instanton moduli space explicitly for a single instanton on
commutative and non-commutative spaces. For a single instanton on the commutative
space, we quantize the moduli space dynamics and show what kind of the ‘nonabelian’
electric charge a single instanton can carry in the symmetric phase.

Our theory allows also 1/2 BPS magnetic monostrings in the Coulomb phase. As in the
maximally supersymmetric case, instantons and W-bosons are attracted to monostrings.
In addition, one can get the linear momentum be induced on the monostrings. Similar to
ref. [], we can easily obtain the BPS energy bound on magnetic monostrings with both
instanton and electric charge density. This shows again the supertube origin of our dyonic
instantons in the Coulomb phase. There is some investigation of the magnetic monostrings
in the context of anomaly [[9]. Our work should shed some further light on the subject.

There are a couple of directions one can explore starting from our work. The role of
the instanton solitons in 5-dim Yang-Mills theories is not fully explored. In the Coulomb
phase, there is a 1-loop correction to the Chern-Simons term due to the massive gauginos
and hypermultiplets. This would lead to quantum modification of the characteristics of
the dyonic instantons.

When one of the spatial direction is compact, instantons or calorons can be decom-
posed into magnetic monopoles. Our dyonic instantons would be also decomposed into
dyons. When the hypermultiplets are present and when the theory is in the Higgs phase,
one could have the magnetic flux vortices and magnetic monopoles would be in trapped



between flux vortices. [0, R1] We expect similar composite objects in the theory with
Chern-Simons term.

The plan of this paper is as follows. In section 2, we review the basic properties of the
5-dim N = 1 supersymmetric Yang-Mills theories with the Chern-Simons term. In section
3, we consider the 1/2 BPS dyonic instanton configurations from the energy bound point of
view and solve the Gauss law explicitly for a single instanton in U(N) theory. In sectiond,
we discuss the gauged sigma model with 1-dim Chern-Simons term and also the moduli
space dynamics with a background magnetic field. In appendix, we review some aspects of
the ADHM formalism for instantons.

Note added: After this work has appeared in arxiv, a work of some overlap appeared [27].

2. 5-dim N = 1 supersymmetric gauge theories

2.1 The Lagrangian

Let us fix the Lagrangian for 5-dim N = 1 supersymmetric gauge theories with the 5-dim
Chern-Simons term by using the 4-dim N = 2 supersymmetric Yang-Mills theories. To find
the supersymmetric counterpart for the Chern-Simons term, we consider the U(1) theory
on a circle. The low energy 4-dim Lagrangian theory would have terms at most quadratic
in the spacetime derivatives. As the 4- dim theory has the eight supersymmetries, it is
decided by the prepotential F(A). Especially the A5 plays the role of scalar field and
the 5-dim Chern-Simons term would be come the 4-dim axion-photon coupling term. In
addition, five-dimensional gauge invariance highly restricts the prepotential to be at most
cubic polynomial; Invariance under A5 — As + a with a arbitrary real constants translates
to invariance under the shift 4 — A + ia of the chiral field A = ¢ + iA5. Assuming the
prepotential to have the cubic term A2 so that

F~ A (2.1)

the 4-dim bosonic Lagrangian becomes
1 1 ~
L~—¢ ((6“¢)2 + (6“A5)2 + §FH,,F‘“’> + As <ZFWFW> + e (2.2)

which is invariant under the constant shift A5 — As+ a. When the prepotential has terms
higher than cubic order, the Lagrangian is no longer invariant under the constant shift. For
instance, let us consider the quartic prepotential F = %A‘l. The Lagrangian now contains

L~ (¢* = A}) FuF™ + (20A5) Fu F*™ + -+ -, (2.3)

which is not invariant obviously under the shift A5 — A5 + a.
We therefore conclude that the most general five dimensional supersymmetric SU(N)
gauge theory can be described by the cubic prepotential

1 K
F(A) = try <g—2A2 + §A3>

_i a pa E a 1b gc
— 292AA +3dabcAAA . (2.4)



Here we used the convention for the traceless SU(N) generators T, as

1
Ty, Ty} =
{10, Ty} = N

so that trT, T, = d4/2 . The bosonic part of the action is therefore

ablN + 4dabc c - (25)

S = / &z tr< <FWFW + 2DH¢D“¢>> + Scs (2.6)
= / g i Fi, F*" +2D,¢"D"¢" ) ) + Scs
4 ge2ff ab " :
with
1 1 1 1
—— = <1y + Ko, <—> = —0ap + 26dagpcd° . 2.7
gex 9’ 9o oy 9 27

The 5-dim Chern-Simons term is defined as

; 1
Scs = g/tr<A/\F/\F—|—%A/\A/\A/\F—EA/\A/\A/\A/\A)

= 55 | o (AL e ) (2.8)

which allows only eight real supersymmetries rather than sixteen. The Gauss law constraint
for all physical configurations is given by the traceless part of the following equation

1 . 1 K ~
_Dm{T,Em} —1 [¢,{T,DO¢] }] +§anan =0, (2‘9)
Jeft Jerr

where E,, = F,,0 and the dual of the spatial field strength is

Frn = =€mmpaFrq - (2.10)

N —

Of course the 5-dim Yang-Mills theory is not renormalizable as the coupling constant
¢* has the dimension of the length. We thus consider the field theory with cut-off while it
is possible to imagine a consistent quantum completion of the theory such that additional
degrees of freedom appears in the ultraviolet region in the energy scale larger than 1/g2.
With the Chern-Simons term, another length scale kg? > ¢? could be introduced. Later we
will see the classical instanton configuration breaks down in some cases when the instanton
size is less than the order of kg?.

The Chern-Simons coefficient is quantized for the consistency of the path integral. Note
that the Chern-Simons term vanishes for the SU(2) gauge group as there is no nontrivial
dape coefficient. When one makes a large gauge transformation with nontrivial homotopy
as m5(SU(N)) = Z for N > 3, the Chern-Simons term transforms so that the topolog-
ical quantity for this homotopy group appears. The quantum consistency requires the
quantization,

n



where we call the integer quantity n as the Chern-Simons level.

One important feature of the Chern-Simons theories is that the Chern-Simons cou-
plings can be induced by the radiative quantum corrections by a massive Dirac fermion [23].
Let us consider an amplitude .4 involving three external non-abelian gauge bosons of mo-
mentum p, ¢ and —(g + p) together with gauge and Lorentz indices (a, ), (b,v) and (c, p),
respectively. The parity violating term can be expressed as

&k 1 1 1

abc a b ¢
qabe _ ; 5 , ) tr (7T, T
e /(27r)5 r<’y"k'7+imfy (k—Q)'7+Zm%(k+p)'7+Zm> r< { }>

T m
- Wwew,}wqm%r (T“{Tb, Tc}) , (2.12)

where the gamma matrices v, here should satisfy the Dirac-Clifford algebra relation
{Vus 1w} = 21 with y01234 = 4. One can therefore obtain the induced couplings after
integrating out the Ny massive hypermultiplets

N
Linduced = Sign(m) 487{2 /dsiﬂ e“”m‘;AZ&YA,b,&;A; tr (TaTbTC>
Ny 1
= —sign(m) ! tr(ANFAF) . (2.13)

2 2472
Taking account of four and five external gauge bosons diagram in additions, one can find
the induced shift of the Chern-Simons level

Ny

An = 5

(2.14)
If the zeroth order Chern-Simons term vanishes, one requires the even numbers of hyper-
multiplets for the gauge invariance. It agrees with the result in [[LJ].

When the gauge group is U(N), the gauge coupling constant for U(1) theory and that
for the SU(NV) theory can be different in general. There could be also Chern-Simons terms
for the purely U(1) theory and the mixed term between SU(N) and the U(1) parts with
different coefficients. On noncommutative 4-dim space, the gauge group however should
be U(N) instead of the SU(N), and so there exist only one gauge coupling constant and
also only one Chern-Simons coefficient. It is noteworthy here that, when we consider the
noncommutative five-dimensional U(NN) gauge theory, all traceless condition for SU(N)
gauge symmetry should be dropped out.

2.2 Brane configuration

In this section, we will present certain brane configurations describing the five-dimensional
N = 1 supersymmetric gauge theory [[[3, [4] with the Chern-Simons couplings. These
configurations leads later a useful way to consider the low energy dynamics of dyonic
instantons in terms of the dynamics of the D- branes corresponding to instantons.

Let us start with two parallel solitonic (NS) fivebranes, N D5-branes suspended be-
tween two NS5-branes. Their configurations are summarized in the table [I. Tt is notewor-
thy here that the brane configuration above preserves quarter of maximal supersymmetries,



o 1 2 3 4|5 6 7 8 9
D5 | o o o o o o
NS5l o o o o o] o
D7 o o o o o o o o

Table 1: Brane configuration for 5-dimensional A’ = 1 supersymmetric gauge theories

that is, eight real supersymmetries. Since D5-branes are finite in 2% direction, their macro-
scopic description is five-dimensional N' =1 G = SU(N) super Yang- Mills theories. The
five-dimensional gauge coupling can be now described as

1 Aaz® [ 1 }

2 (4mgs)(2nly)?

where [; and g, are the string length and coupling respectively. When D5 branes meets NS5

el mass, (2.15)
branes, they form a (p,q) web of 5-branes, and so the U(1) group factor which is responsible
for the motion of the center of the mass of D5 brane segments are frozen as discussed in [24].
It would be interesting find out why this is not case when the noncommutativity on D5
branes are introduced.

For the field theory decoupling limit, we should require the physical states in the field
theory not to excite the Kaluza-Klein modes and stringy states. In other words, one must
require the characteristic energy scale Elg in the field theory to be smaller than

1

p (2.16)

< 1 1
ls ) Azb’

while taking the gs — 0. One can therefore conclude that the decoupling limit is given by
Azb < gl . (2.17)

When NS5-branes are far apart than [;, one can recover six-dimensional theories with
various stringy effects.

In five-dimensional gauge theories, there is an additional U(1); symmetry of interests,
whose conserved current takes the form

) 1

Its charge is the instanton number. In our brane picture, an instanton whose U(1); charge
is unit can be identified as a D1-brane stretched along the x° direction. It is depicted in
figure One simple way to check this identification follows from the agreement in the mass
82 Az® 6
92 95(27718) ( )
where 7p; denotes the tension of a D1-brane.
In order to introduce massive Ny hypermultiplets, there are two options, of which (1)
one is to add the Ny D7-branes whose world volume is parameterized by 01234789 coor-
dinates and (2) another is to add Ny flavor semi-infinite D5-branes. Their configurations



N D5-branes N D5-branes

NS5-brane (a) (b) NS5-brane

Figure 1: Brane configurations for 5d supersymmetric gauge theory

are also summarized in the table [], and depicted in figurel. As discussed in [25], the open

string modes connecting D5 with D7 branes for the case (1), or D5 with flavor fivebranes
)
D7-branes changes the global property of the space-time geometry, which requires a more

for the case (2) give rise to massive hypermultiplets of masses m = While introducing

careful analysis in general, we ignore it here. For our discussion, either picture is fine [[[.

The Chern-Simons coupling can be finally introduced after integrating out these
massive fermions in the hypermultiplets. From D5 brane point of the view, it is exactly
the induced Chern-Simons term by the massive Dirac fermions as discussed in the previous
subsection.

As a final comment, let us consider the Coulomb branch of the theories in the presence
of the Chern-Simons couplings. In our brane setting, the Chern-Simons terms are in fact
induced by integrating out the massive hypermultiplets. When we try to analyze the
Coulomb branch of theory with those brane configurations, we therefore have to suppose
that Higgs vevs, or distance between several D5-branes are much smaller than the masses
of hypermultiplets or dz.

2.3 Vacuum moduli

We now in turn discuss the Coulomb branch of the present theories and non-trivial fixed
points. In five- dimensional N' = 1 supersymmetric gauge theories, the Coulomb branch
is parameterized by real scalar fields of vector multiplets. For the gauge group SU(N) of
rank N — 1, the gauge symmetry is spontaneously broken down to U(1)" at a generic point
on the moduli space. Weyl reflection symmetries implies that the Coulomb branch can
therefore be identified with a Weyl chamber RY~1/W.

We can naively expect from the gauge coupling of negative mass dimension that the
low-energy effective theories on the Coulomb branch are trivial. Seiberg has however shown
in [I0] that under one-loop corrections there exist certain strongly-coupled non-trivial fixed
point. Although those topics are not relevant in our discussion later, basic ideas will be
presented briefly.

For simplicity, let us consider the SU(2) gauge theory with N; hypermultiplets of
masses m; (i = 1,2,...,Ny). For a generic value of ¢, a scalar field of vector multiplet,



the induced Chern-Simons level is proportional to
Ny

Ninduced = 2sign(¢) — é Z [sign((b —m;) + sign(¢ + m,)] : (2.20)
i=1

where the former contribution is from massive gauginos and the latter from massive hyper-

multiplets. This implies that the effective gauge coupling (2.7), or metric on the Coulomb
branch, takes the form as

Ny

1 1 1 1
5=t 202 [ —m } , 2.21
ggff g2 T 1672 9] 3 — | —mi| + |§ + mi| ( )

after finite constant shift of g%. We will assume from now on that all mass parameters are
turned off.

This metric implies that for Ny > 8, there is a singularity at a finite point ¢ ~ g% in
the moduli space, reflecting the non-renormalizability of the present model. As discussed
in [0, non-existence of the singular points on the Coulomb branch for N ¢ < 8 implies the
non-trivial fixed point together with the enhancement of global symmetries in the strong
coupling limit g — oco. Possibility of those non-trivial RG fixed points for various models
with higher rank gauge groups and the classification of them in accordance with the classi-
fication of singularities of Calabi-Yau threefolds have been presented extensively in [[L1], [1J].

3. BPS configurations

3.1 BPS energy bound and BPS equations

We now in turn consider the BPS bound for the present model. The energy functional now
takes the form

1 1
£ = / d'xtry <E[E3n+ 5 Fin + (Dod)” + (quza)z}) : (3.1)

In order to make the energy positive definite, we will consider the family of the field
configurations such that ggff > 0. Thus we consider the region where the value of 1/g? is
much larger than the value of k¢ for the sake of argument. We rearrange the above energy
functional as

1 1
£ = /d4xtrN (T [(Em — aDpd)* + = (Fpp — aFpn)?

Jeft 4

(D00 + (B D} + 5 {Fons P} )
. 1 1 N
> a | dxtry 5 {Em,qub}—l-—{an,an}
Jeft 4
where o = 1. One can show from the Gauss law (R.9) that the total energy is bounded by
8T

£> ‘Q—;KJrQE‘, (3.2)



where the topological charge and the electric charge energy are defined respectively as

&2 trx (Fyn o), Q= /5 3 dsmtrN<¢{g%,Em}>. (3.3)

1672 eff

It should be noted here that the energy due to the electric charge vanishes in the symmetric
phase where ¢, = 0, even though the instanton can carry nontrivial ‘nonabelian’ electric
charge. The bound is saturated by the BPS configurations satisfying the Gauss law (R.9)
and the BPS equations

Fon — aFpp =0, Epy —aDypd =0, Do =0 . (3.4)

In order to see that these BPS configurations preserve four supersymmetries, let us
consider the supersymmetry transformation rules of the theory. As discussed in section
2, the theory at hands has eight supersymmetries whose the supersymmetric parameter
satisfies the 6-dimensional Weyl condition

PO12345¢ — ¢ (3.5)
together with the 10-dimensional Majorana and Weyl condition. (Here we use the 10-
dimensional notation for the Gamma matrices, and the gaugino field A also satisfies all the
same conditions as €.) For the BPS configurations, the supersymmetric transformation of
the gaugino field

1
o\ = §FMNFMN6, (3.6)

where A5 = ¢, is required to vanish. Imposing a supersymmetric condition compatible
with the Weyl condition (B.3)

2% = ae, or, equivalently T'%¢ = ae, (3.7)

one can recover the BPS equations (B.4)
Fon — aFmn =0, Fro— aDpmé =0, Dy =0 . (3.8)

This implies that the BPS configuration preserves the half of the supersymmetries. Unlike
the N = 2 theories, there is a correlation between the sign of the instanton charge and that
of electric charge in the N’ = 1 theory, regardless the presence of the Chern-Simons term.

Once we choose the gauge Ay = a¢, the field configuration becomes static in time and
the Gauss law (R.9) can be reduced to

1 K

_Dm{T’Dmﬁb}‘i'_Fr%m:O- (3.9)
Jeft 2

One can further reduce the eq. (B.9) by using the BPS equations as the traceless part of

the following equation,

D2 = "p2 (3.10)

4 mn >’

— 10 —



where

1 K tr(¢?)
b =— — 2 - =21 A1
or, explicitly
D23" = gdachgnF,;n, (3.12)

where ® = 9T and ®* = 8%“.7-" () = Elgqﬁa + kdgped?¢¢. This scalar equation does not
depend on the choice of a. Here we want to note that BPS equations (B.§), (B.13) are
exactly the same to those obtained from the SUGRA analysis [{].

Before closing this subsection, we now in turn present the physical charges of our BPS
solutions. We have to define the electric charge more carefully in the present model. We
can usually read off the electric charge from the asymptotic behavior of the displacement

vector D,, = 6?4-5
1 Tm 1
Dm = E,Em - (trace part) = WQN + @) ﬁ N (313)
e

where Qn is the ‘nonabelian’ electric charge of the system. Assuming that the BPS con-
figuration is localized in the space and that the scalar field will fall off as

1
~v+0( = 3.14

¢o=v+0( 5, (3.14)
where we choose the gauge where v’ is constant, one can determine the asymptotic behavior
of ® from the eq. (B.13) as

v QN 1

d=—-——— — . 1

92 8722 + O<r3> (3 5)

The electric energy therefore becomes
Q= 2/d4x OmtrN (D ®) = tr(v/Qn) . (3.16)

Taking into account of the positive kinetic energy, we should consider the parameter region

|v'| < (kg?)~! for the Coulomb branch so that

B kg° 1y
2N

2
v :UI—FE(UIF

5 try(v')? ~ o . (3.17)

Our BPS configurations can also carry the conserved angular momentum

Jmn = /d4x (xmPp — xnPrm)

=

where we used for the last equality the expression of the linear momentum density

r2dSP (zptr (RF,,) — zptr (RF,,,) ) + 4/d4x tr (®Fn) , (3.18)

3
oo

Py = tr(Fpp{Ep,1/9%}) = 20,tr(F,,,®) . (3.19)

— 11 —



The second term in eq. (B.1§) can also be translated to the surface term as
/d4x tr(®F,) = / 3 (dS™ay, — dS™ cu + EmnpgdSPay) (3.20)
S%

once the one-form a = a,,dx™ satisfy the differential equation
(14+%4)da = tr(®F) . (3.21)

The solution of the above equation for the BPS configurations will be presented in the
next subsection.

3.2 BPS configurations

To find out the BPS configurations, we need to first solve the antiselfdual equation with
a=—1,
Fon + Fpn = 0 (3.22)

The general solutions of the antiselfdual equations are given the ADHM method. In a
given instanton background, one needs to solve the second equation (B.1(]). Fortunately,
the general solutions of the second equations can be also found in terms of the ADHM data.

Let us first summarize the ADHM method briefly. For details, it is referred to [Rf].
Starting with the constant matrices (¢;)n,x and (am)x Kk, one can construct a (N +2K) x
2K matrix

A= (@@, Mnem) (3.23)

where e, = (04,1) and M,, = a;, + Lgxy,. Note that é,e, = dppn +inS,, 0% where selfdual
t’Hooft tensor n%,, satisfies, for instances, 3, = n3, = 1. We introduce Vyj2x, n(z) such
that

AV =0, ViV = 1y. (3.24)

The condition on the ADHM data requires that
ATA = f1(2)1, (3.25)
with an invertible K x K matrix f(x). This implies the ADHM condition
M| @m, an] + 0f50;6 = 0, (3.26)
where a = 1,2,3. The ADHM method leads to the hermitian gauge field to be
A, = V19,V (3.27)

for the anti-instantons.
As shown in appendix, the solution of eq. (B.10) for the traceless scalar field is given by

5 = 0 K 9
O(x) =V <90 (g%—%f(m))@)h) V—m((‘)mlndetf)lg\r (3.28)
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where the constant matrices v and ¢ satisfy tryv +trge = 0 and an inhomogeneous linear

matrix equation,

82 _ 9
v (L + qvg;) — 877Kl = 0 (3.29)

where Lip = —[am, [am, ¢]] — 3{¢: ¢}-
We now in turn express the physical charges of those BPS objects, dyonic instantons
in terms of the AHDM data. From the leading order behavior of the scalar field ® (B.2§)

at infinity
v 1 /8r? 1 nk 1
¢ = S| —2 | 4% — 519%, - — — 1, )
pir—re < 7 (q Pt~ 510 U}> N > O<T3> (3.30)

together with eq. (B:15), one can read off the following electric charge of the N x N matrix

82 (1 _ nK
QN = ra <§{QiQi7U} - %’WJ:’) + WlN . (3.31)
One can show from eq. (B.29) that the electric charge matrix Qy is traceless. We now in
turn consider the angular momentum of the dyonic instantons. As shown in [J], one can

solve eq. (B-21]) using the various identities in the ADHM method

o = 211 (T(POLP — 9PP) 4 Alpsanlf — Semmpdf 0, F0,F) . (332)

where P = VVT and J = Elgdiag (vn,¢r12). For the BPS configurations, the angular
momentum (B.1§), (B:20) therefore takes the form as

Jmn = —89—7;21' {%trk (qivq; (Tmm)ji) + (1 + *4)try (gp[am, ap] ) } . (3.33)

3.3 A single dyonic SU(N) instanton

To be concrete, let us consider the profile of a single dyonic instanton in the SU(N) gauge
theory. The solution can be obtained either by using the general solution presented in the
previous section, or simply solving it directly in the single instanton case. While the former
is discussed in appendix, we follow the latter.

The 4N-dimensional moduli space of an instanton is composed of 4-parameters for the
center of the instanton position and 4N — 4 parameters for the internal degrees of freedom.
The internal part is a haper-Kéhler cone over a tri-Sasakian space SU(N)/ U(N —2), where
this symmetric space SU(NN)/ U(INV — 2) is a quaternionic space % with a SU(2)
fiber. The moduli space is spanned by moduli of the single SU(2) 't Hooft instanton, plus
additional moduli which determines the way how SU(2) is embedded in SU(N). In this
section we work in the ‘regular’ gauge, opposed to the singular gauge which is convenient
for the ADHM instantons.

The SU(N) single instanton gauge field is given as

2
Ap = T°A%, = T8, —=n

- .34
mnT2—|—p27 (33)
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where T generates arbitrary SU(2) sub-algebra of SU(N) and r = /z;z;. We can take it
to be the following:

1
7° = Ut <§aa> U, [T“,Tb} = jeeTe, (3.35)
where
UQ,N: <€11 €1 €1N> = <el> , éi'ejzéij- (3.36)
€21 €22 - €2N €9

In addition to the SU(2) algebra, the generators T satisfy the anti-commutation relation

{17, 1% = Lsavgrtyr — 5—ab1 - 5—abT (3.37)
) - 2 - N N 2 ; .
where 5
T=-—-15-U'U. .
v U (3.38)

The mutually orthogonal complex unit vectors e; contain 4N — 4 real components. Among
these, the U(1) phase rotation e; — e;e’® does not affect 7% or A,,, so we may regard o as
a ‘gauge’ degree. Together with the remaining 4N — 5 gauge-invariant degrees, the scalar A
provides the desired 4N — 4 zero modes apart from the 4 translations that we ignore here.

We are interested in the solution of the traceless part of eq. (B.10) for ®. For a single
instanton (B.34), the field strength can be described as

F, = 4p” e T¢ (3.39)
mn — (7"2 + p2)2 Nmn ) .
from which one can obtain
16p* 16p* 6
2 _ _
. = 7(7‘2 +p2)44T“Ta = (r2 —|-p2)4(N1N —3T> . (340)

Taking the ansatz for ® field as ® = F(r) T, the equation for ® can be simply reduced to

2 o 2rpt K00 2 2
OEF(r) = o 8(a) (log(r® +p?)) . (3.41)

The solution for F'(r) is therefore given by

2 2
K T°42p
Fr)=-———-= 3.42
)= 5t (342)
in perfect agreement with that obtained from the ADHM method.

Now we would like to obtain the scalar ¢ = ¢*T® from the above ®. Our claim is
that ¢ is also spanned by the generator T only as T2 — tryT?/N oc T. Therefore we try
¢ = h(r)T, and obtain the following equation for h(r):

kd—N

1
?h(T) + §Th(7")2 =F(r) . (3.43)
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The solution hy(r) for the SU(N) gauge theory is

hy(r) = g*F(r) (for N =4) (3.44)

1 N 1 N \? 2 N
hN(r):—R—gz—él_Ni\/(H—fm) + -0 (N#4)  (345)

where the sign in front of the square-root for the second case is fixed by requiring that
¢=0at r=o0.
To summarize, the scalar solution, and therefore the whole instanton solution in the

presence of Chern-Simons term is classified into the following three cases:

1. For SU(3), the scalar solution is given as

3 3\?  3r2+6p?
hs(r) = ——— = = Tor 4
(=it \/<ng> IGCEYSE (340)

The solution is well-defined for all p > 0.

2. For SU(4), the scalar is given as

/ig2 r? 4+ 2p2

O (3.47)

3. For SU(N) with N > 5, the solution is given as

1 N 1 N\ N 24292
’lN“)w—gz—N—rm—gw—Q IR ETIGET R

The solution is well-defined at all » > 0 only in the background of large enough

instanton, namely,
2(N—-4

For p smaller than this value p., there is no real solution ¢(r) for r < ro, where

4rg = p* — 4p* +\/pt + 8pt . (3.50)

p>pe=

For large &, there is however no meaning of the classical instanton of size of order xg? =
ng?/8n?, which is quite bigger than the ultraviolet scale g2. Although the UV completion
of theory, or the reliable UV description of those solutions, seems to be important, we will
not discuss about it any more.

4. Low energy dynamics

4.1 One-dimensional U(K) gauge theory

The 16 supersymmetric SU(V) gauge theory arises from the low energy dynamics of N D4
branes. It is well- known that the four-dimensional K instanton solitons are realized as K
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DO branes on D4 branes. The low energy dynamics of instantons can be described by the
one-dimensional U(K) gauge theory with eight supersymmetries. The bosonic part of the
Lagrangian is

M
Lo = jtrK{ (Doam)? + |Dogi|® + [0, am)?® — |(0q; — qiv)|?

+c (Dogp)2 +c (D“)2 + D¢ (aquj(ji + it [am., an]) — C“D“} . (4.1)

where M = 87%/g? denotes the instanton mass parameters. This Lagrangian also has a
SU(N) flavor symmetry, understood as the gauge symmetry in the five-dimensional gauge
symmetries. Under the flavor symmetry, the hypermultiplet scalars ¢;,i = 1,2 (K x N
matrices) transform as

G — q = q@U (U € SU(N)) . (4.2)

Another hypermultiplet scalars a,,, m = 1,2,3,4 denote the matrix position of K instan-
tons on D4 branes. There are two controllable parameters of the present model of which
one is the N x N hermitian matrix v, representing the positions of N D4-branes, and
another is the Fayet-Iliopoulos parameter (, necessary for the noncommutative field the-
ory. As well as the gauge symmetry U(K) and flavor symmetry SU(NV), the theory has
SO(4) ~ SU(2) g xSU(2) global symmetry. For instances, a,, furnish a vector representation
under SO(4) while g; are in a fundamental representation under SU(2)g. The arbitrary pa-
rameter ¢ of dimension mass? can be determined from this D0-D4 system by ¢ = 27/ (27l5)?.

In this work, our 5-dim theory has 8 supersymmetries and a Chern-Simons term.
Instantons of our theory is again 1/2 BPS with now four supersymmetries and so their
property will be different from those from 16 supersymmetric theories. One may wonder
what the low energy dynamics of instantons with four supersymmetries. As far as the
classical feature is concerned, our analysis of the BPS equations tells us that the gauge
field configuration does not change. Only our instantons now carry some electric charge due
to the Chern-Simons term. Thus we expect a simple modification of the above Lagrangian
may suffice. Indeed, here we argue that it is sufficient to add to the Lagrangian ([.1]) the
following 1-dim Chern-Simons term

Les =ntrg(Ag— ) . (4.3)

Let us first look at the supersymmetry. Note that a,,, ¢; are hypermultiplet and Ao, ¢,
are part of the vector multiplet. In 10-dim notation for the vector multiplet, the above
Chern-Simons term is invariant under supersymmetric transformation

§(Ag — ) = Mg —T5)e = A[o(1 —T%)e = 0 (4.4)

if I'%¢ = ¢ . Thus imposing additional condition on the spinor parameter breaks the su-
persymmetry to half. It is to be noted that the 1-dim Chern-Simons term introduces a
background electric charge to U(K) theory. With the presence of the fundamental repre-
sentation of U(K), the invariance of the path integral amplitude under a local U(1) gauge

— 16 —



transformation ¢ "7 such that A(cc) — A(—o0) = 2rl where T = diag(1,0,0,...0),
leads to the quantization n € Z.

We then consider the stringy origin of the one-dimensional Chern-Simons term ([£.3).
From our D-brane picture in section 2, the instantons were identified as D1-branes
stretched between NS5-branes. The open strings connecting flavor D7 or D5 branes to
D1-instantons leads to the massive fundamental hypermultiplets in the matrix model ([L.])).
Their one-loop effect indeed induces the very 1-dimensional Chern-Simons term.

The ground state should have the lowest energy. First of all the D-term equation
implies that

1 . _
D® = %(ga — i am, an] — 03;9ii) - (4.5)
Since the Chern-Simons term does not affect the energy, the energy of the Lagrangian
Ly + L can be rearranged as

M . , a
& = —-tu { (Do +i[p.am])? + |Dogi + i (pg; — qiv)|* + ¢ (Dow)* + ¢ (D*)*}

2
. 7 _ _ n
+Mtr g {90 (—Z [@m, Doam] — B (@i Dodi — Do%‘%)) + M}
M ) _ _
+otry {i (Dogigi — @i Dogi) v} (4.6)

After using the Gauss law constraint

7

M (‘i[am, Doay,] 2(%'170@ - DOQiQi)) +nlg =0, (4.7)

we can obtain a BPS bound on the energy

E> tl“N(UQN) , (4.8)

where the SU(N) flavor charge is given by

7 ) _
Qn =M <§(D0q_i(h' — GiDog;) — WUN(DOQ_Z'% - QiDOQi)1N> . (4.9)

The BPS configurations which saturate the bound should satisfy
cD" = ¢ — Mpplam, an] — 07566 =0 (4.10)

which is nothing but the ADHM constraint. We started with 4K?-parameterized a,, and
4NK parameterized ¢;. Imposing the 3K? ADHM constraint and taking out K? U(K)
gauge degrees of freedom leads to 4K N moduli-space coordinates z4, A = 1,2,... 4K N.
The solutions of the above equation would be given by a,,(z4) and ¢;(z4). The rest of the
BPS equations are

Doan, +i[p, am] =0, Dog; +i(pq; — qiv) =0, Doy =0 . (4.11)

In the gauge Ay = ¢, the configuration is static in time, besides ¢; ~ gioe’!. For the BPS
configurations, the Gauss law becomes

1
M <—[am, [am, ¢]] — 5{%% o} + qw%) —8r’klg =0, (4.12)
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which is identical to eq. (B-29) in the field theory, once we noting that 87%x = n. This leads
to a further support for the validity of our low energy Lagrangian for the instanton solitons.
As the kinetic part for ¢ is positive-definite, the solution would be a linear combination,

Y = SDU(ZA) + (PH(ZA) (4.13)

where Ly, + ¢;vg; = 0 and MLy, — 872k = 0.
Let us now in turn consider the various charges that the BPS configurations can carry.
The traceless SU(NV) flavor charge ({.9) becomes

1 nKk
QN =—-M (q_i‘PQi - §{<?iqz',v}> + 1N, (4.14)
which is in the agreement with the electric charge (B.31)) of the dyonic instantons. We then
compute the angular momentum of this half BPS solution

) 1 _ o
Jin = —iMtr <Z (¢:Doq; — Do4id;) (Gmn) j; + (Doaman — amDoan)>
) 1 _ o
= —iMtr <§ (¢ivq; — ©4iG;) (O‘mn)ji + 2¢ [am, an]>

= —iMtr <% (2vq;) (Fmn) j; + (1 + *4) (¢ [am, an])> ) (4.15)

where for the last equality we used the ADHM constraints ([.1(). This angular momentum
agrees again with the result (B.33) in field theory analysis. It is therefore conceivable to
identify the dyonic instantons with the BPS configurations of the present 1-dim gauge
theory.

4.2 Moduli space dynamics

The vacuum configuration modulo the gauge equivalence is the moduli space. The low
energy dynamics is described by the nonlinear sigma model of the moduli coordinates. For
the K instantons of the SU(N) gauge theory, the nonlinear sigma model is characterized
by the 4K N-dimensional hyper-Kahler space, with several Killing vectors for symmetry of
the instanton moduli space. The Coulomb phase leads the natural potential on the moduli
space. We argue that the 1-dim Chern-Simons term leads to the magnetic field on the
instanton moduli space. We may wonder how the Chern-Simons effect can be realized in
the moduli space dynamics. In terms of the moduli space coordinates z#, the dynamics
can be described by the Lagrangian

L= %QAB(z)ZAéB Fn it Aa(z) - Uz) . (4.16)

(A similar magnetic field has appeared in the moduli space of magnetic flux vortices in the
Abelian Higgs model with a background charge and a Chern-Simons terms [R7].)

The metric for the moduli space can be determined by the standard procedure. We
start with ignoring the effect of the Chern-Simons term x and the vacuum parameter v.
One way to approach is to put the initial field configuration,

am(2), ¢(2), (4.17)
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determined by the moduli coordinate, and its time derivative

Doay, = 80am—z'[flo,am] = A Duay, = é’A(g(lTZ—i[AA,am]),
- a AP a0 .
Dogi = 0oqi —iAoqi = 2" Dagi = 2 94 —i(Aagi — qi | , (4.18)

which is given by the velocity of the moduli coordinate. The initial configuration should
satisfies the Gauss law constraint ([.7), implying that

. i

LAy = —i[amOoanm] — 2((]1'50@ — 004iG;) - (4.19)

Inserting this initial field configuration back to the U(K) gauge theory Lagrangian ([.1),
one can obtain the metric on the moduli space

. . 1 . . L.
gaB(z) = trg <DAamDBam + §(DAqiDB@ + DBQiDAQi)> . (4.20)

With the Chern-Simons term and the vacuum expectation value v, we modify the field
velocity of the previous initial field configurations to be

Doty = Doam — i[AAo, am], Dogi = Dogi — iAAog; (4.21)

and suppose the scalar field ¢ relaxes to the lowest energy configuration ¢ = ¢, + @, as
before. The Gauss law and the scalar field equation tells us AAy = ¢, and the U(K) gauge
theory Lagrangian now can take the form as

M A
L = 7gABz'AZB +87%k(Ag — @y) — U(2), (4.22)

from which one can find various corrections to the instanton moduli space dynamics. Defin-
ing the gauge field in the moduli space to be

_ . 8am ) 8(]_2 aqi _
AA(Z) = tI'KL 1 < — Z|:am, %:| — 5 <q28z—A — az—AqZ>> s (423)

the Chern-Simons term becomes

8%k trgc(Ag) = 8Pk > 24Au(2) . (4.24)
A
Finally the potential term

U(z) = %UK (—[amj%]z + (po@i — @) (Gipy — Vi) = %tr;{ (—puaivg + inz(ji)
(4.25)
is of order O(v?) correction. As well as O(k) correction 872kAg, there is of O(kv)
correction —8m2kp,.
We can find the Killing vector related to the SU(N) gauge symmetry and the potential
more explicitly. We choose the Higgs vacuum expectation value v to be diagonal. The
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unbroken U(1)N~! generators are N — 1 traceless matrices 7 such that tr7%T? = §9/2
and v = vT?. The U(1)N~! phase rotation (4.2) of the matter part ¢; is U = ¢<“T" | which
leads to the cyclic coordinates (¢ and the N — 1 commuting Killing vectors,
0 0
A _
With some effort similar to the discussions in ref. 2], one can show that the moduli space
dynamics (#.29) becomes

M M
L= Zgapz"s? £ 8n°k(z" — G As — S 9anG 7, (4.27)

where G4 = K2v®. This moduli space dynamics is of order 22, k2, kv, v2. We have ignored
other higher order corrections. Calling the rest of the relative moduli space coordinates 3,
we can re-express the above low energy dynamics as

L= %hij(y)y@j + %kab(y)(éa + 7w W)+ i)
M b

+872k §'Ci(y) + 8%k (€ — vV, (y) — Tkab(y)vav (4.28)

with appropriate redefinition of the various terms.
Now one can easily give a BPS bound on the energy related to the above Lagrangian
and can obtain the ground state energy as

Eground = Uapa (429)

where p, is the canonical momentum related to the cyclic coordinates. This ground state
energy is equivalent to the minimum of the bound ([£.§). The BPS ground state configura-
tion satisfies

iy =0, (* =" (4.30)

It would be interesting to find the supersymmetric extension of the moduli space

dynamics ([£.27).
4.3 A single Chern-Simons instanton moduli dynamics

Let us consider the moduli space dynamics of a single instanton. As discussed before, its
moduli space is a 4N-dimensional hyper-Kéahler manifold. For generality, we will turn on
Chern-Simons level k¥ and noncommutative parameter ¢, but will stay in the symmetric
phase v = 0. It implies that we will analyze the moduli space of a single instanton in
the U(IV) gauge theory on noncommutative R* space rather than commutative space. We
can of course take the commutative limit to the SU(/N) gauge theory instanton by letting
¢ — 0 together with decoupling U(1) factor. The single instanton moduli space for U(N)
gauge group is known to be the Calabi space of dim 4N which is complete nonsingular
hyper-Kahler space with cohomogeneity one.

Before the detailed analysis, we first summarize the conventions used in ref. [29) to find
the moduli space metric. For the invariant one-forms L ; of SU(N)(C U(N)) defined as

Udut = —z’Lijtij7 6] = o0t =6t (4.31)
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with (¢,7)F = tji (or (Lij)T = [)) and L?; = 0, the Maurer-Cartan equations are

dL'; = iL'y ALF; . (4.32)

Here ¢ run over (1,2,a), where a denote the SU(N — 2) indices. One can then define the
generators of the coset group SU(N)/ (SU(N —2) x U(1)) as

oo = L'y, S, =1I1%, pu=1L-1%, v =11, (4.33)

a” a

and those of SU(N — 2) x U(1) as
~ 1
L% = L%+-Q8%, Q = LY+ 1% . (4.34)

With those new basis, the Maurer-Cartan equations of our interests, for examples, take
the form as

du = 2iV AT +iog NG* — i, A, dQ = ioa ANG* +iXq A X" . (4.35)

Let us first consider the D-term conditions. Since for a single instanton a,, are simple
c-numbers, we can solve explicitly the D-term condition with (¢ = §3¢? as

(Z;):%<@¢1%@:::8)UE%U (4.36)

where U is an U(N) element. The two useful quantities in our discussion are summarized as
_ t i
tr {(qoqo) UdUu } = -3

2,2 2 2, 2 2 2
- - -«
tr{((joqo) UdUTUdUT}:—<u2<QT'u+w7>+%Q,u+u 2< 0a5“+u 2< Ea2“>,

(Cp+ Q) — ida (4.37)

where da denotes the one-form corresponding to U(1)(C U(N)) generator that rotates
overall phase of ¢;. For the single instanton, the moduli space metric ({.20) of U(N)
non-commutative theory can be described as

aN 1 2 4 2 2 2 _ 2
ds® = <1—%> du2+%<1—¥> 2+ v+ 2 ;C 045" + — 2C XX, (4.38)

which is known to be Calabi metric [R9]. The one-form gauge field (f.2) on the moduli

space now becomes

2
1
A e — —
Aadz? = 52t + 2Q +da, (4.39)
whose field strength is therefore
1 d _
F=dA=5 (-242;“ A p+2iCPy A i (WP +C?) 00 A 6% +i (u” = () Sa A 2“) . (4.40)
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As mentioned before, the single Chern-Simons instanton can carry the electric charge ({.14)
even in the symmetric phase v =0

1 (N=21 0 2 (o050
2 2 2 R T 4.41
QN = 8T m[ ( 0 1ns 22\ 00/’ (4.41)

and no angular momentum. We note that, for commutative SU(2) gauge theory, the
charge matrix @y identically vanishes. It agrees with the fact that there is no non-abelian
Chern-Simons coupling for SU(2) group.

Especially for a single instanton in U(2) gauge theory on noncommutative space, the
moduli space metric is Eguchi-Hanson space with the metric the moduli space metric of
the non-commutative U(2) single instanton now becomes

4\ —1 2 2 4
2 ¢ 2 U 2 2 u ¢ 2
dS = (1_ﬂ> du +Z(O'1 +O'2 ) +Z <1_ﬂ> 03, (442)

which is nothing but the Eguchi-Hanson metric. Here, o; are the standard SU(2) invariant
one-forms

01 = —sinydf + cos 1 sin Odp
o9 = cosdf + sin ) sin Ody
dip + cosOdyp, (4.43)

03

which satisfy do; = %eijkaj A oy. The gauge field A4 can be expressed as

C2
_A: ——503 +da, (444)

2u?
whose field strength now becomes the unique normalizable self-dual harmonic two-form on
the Eguchi-Hanson space B9
C2

2
F = dA = ﬁ <—adU/\O'3+O'1/\O'2> . (445)

When we take the commutative limit ¢ — 0 with ignoring overall U(1) factor, the moduli
space is reduced to the orbifold C?/Z, and the gauge field A4 disappears. This disap-
pearance is again consistent to the non-existence of the single Chern-Simons instanton for
SU(2). For two identical instantons in the U(1) theory on noncommutative space, the
moduli-space metric is again Eguchi-Hanson and the 1-form A is again identical to that of
the single instanton in the U(2) theory as shown in the previous paragraphs [B(].

For U(N) with N > 2, one can easily see that the (N — 1) wedge product of the
magnetic field strength (f.4Q) is of order one in the radial coordinate u, making it non-
normalizable. Thus this product is not the normalizable middle form discussed in ref. [29].
One concludes that the Eguchi-Hanson case is an exceptional one.
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4.4 Quantization of a single instanton moduli space

We now restrict our attention only on the commutative five-dimensional field theories, i.e.,

¢ — 0 as well as ignoring da (U(1)) effect. Since the asymptotic Higgs vev is not developed,

non-abelian gauge symmetry SU(V) is not broken. We therefore expect that a single Chern-

Simons instanton can carry charges in a certain representation under the gauge symmetry

SU(N). In order to specify the representation, we will discuss the quantization of the single

Chern-Simons instanton moduli space and then find out the ground state degeneracies.
In the ¢ — 0 limit, the metric of the moduli space becomes

u? u?

2
ds® = du® + Z'U2 + u?vi + 7%5“ + %Eai“, (4.46)

while the Chern-Simons effect on the moduli space for the present model is given by

8 2
8r2r A de? = %Q. (4.47)

One can show that the uniform magnetic flux F', proportional to the Kéhler two-form on

the coset space G = G/H = SU(2)><SSUU(§\JIV—)2)><U(1)’ is now turned on in the moduli space

8n2ik

8T°KF = (0a NG*+Za AXY) (4.48)

from which the quantization of the Chern-Simons coefficient
8’k = n, (4.49)

could be also understood as the Dirac quantization. While we have not worked out the
detail, one can see that the coset space becomes CP? when N = 3, which has non-
contractable two-cycles. Thus, we might assume the existence of two non-contractable
two-cycles on the coset space for NV > 3. The Dirac quantization could be understood as
the quantization of the total flux on each such two-cycle.

As we noted before, the moduli space of a single instanton is a hyper-Kéahler cone
over the tri-Sasakian space SU(N)/ U(N —2), which is a SU(2)-bundle over the coset space
G =SU(N)/SU(2)xSU(N—2)xU(1). Thus, the moduli space consists of the radial motion
along the cone direction, a SU(2) motion and the coset space motion. We are interested in
the ground state dynamics on the moduli space with magnetic field only along the coset
space as one can note from eq. ({.4§). Thus, the radial motion would be irrelevant in the
discussion and the wave function along the SU(2)-fibre would settle down as the s-wave on
53. The problem in considerations would be reduced to the Landau problem of a charged
particle moving on the coset space G under the background U(1) gauge field. Somewhat
similar problem has been analyzed extensively in [B1, BJ]. As a shortcut, we will just sketch
the basic idea how to analyze the representation, or degeneracy of the ground states. For
details, it is referred to [B1, BJ].

When a particle moves on the coset space G = G/H (with the background gauge
fields), energy eigenstates of the system should be in certain representations under G.
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Since the background gauge field A ([.47) is turned on only along the U(1) direction in H,
the eigenstates are singlet under SU(2) x SU(N —2), implying that they can be represented
as H, its complex conjugate H and their symmetric tensor products without any trace part.

We will denote such representations by (P, q) (p-times symmetric products of H and g-times

products of E) One can show from eq. ([.47) that a state in (p,q) carries U(1) charge
p — ¢, which has to be identified as the background charge 872k = n, that is

p—q = n. (4.50)

Assuming n > 0 without loss of generality, one can conclude that ¢ can play the role of
the Landau level index because higher dimensional representation states are in the higher
energy levels. For the lowest Landau level (¢ = 0, or p = n), the degenerate ground states

are therefore in the representation of x-times symmetric products of H, ie.,

( SU(N) Young tableaux ) . (4.51)

n

As non-trivial cross checks of these results, let us consider the case of N = 2. Since
there is no Chern- Simons terms for the gauge group SU(2) in the five-dimensional theories,
the instanton should be in a singlet whatever value the coefficient « is. The result above
in (.51 agrees with this expectation. For the case of N = 3, the coset space can be
identified as the projective space CP? whose lowest Landau levels under the n-unit magnetic
field are well-known to be

( SU(3) Young tableaux ) , (4.52)

n

nothing but the complex conjugate of the representation above. One can therefore again
see the agreement.
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A. The ADHM formalism and the Higgs solutions
Using the ADHM method, the field strength can be expressed as

Fon = =272, Vbfo'V (A1)
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where bl = (O2x N, Lok ). As 72,75, = 409, we get

F? _ _
mn _ 7, fotb Vb fob YV

16
= 3Vbf2IV — 3Vb fr, frim fOTV + i, Vb foO M, f M, fbV (A.2)

Note that
Omf = —f(Omf ™) f = =2fMpf (A.3)
and
Dy (VbfbIV) = —4Vbf M, fb'V (A.4)
Thus
D2 (VbfblV) = 8Vbf2p'V — %Fﬁm (A.5)

Thus, the hermitian field strength satisfies
try(F2,,) = 02,02 Indet(f) (A.6)
We present an ADHM solution for the equation (B.10)
Do = D p2 (A7)

4 mn

where fields are in N x N matrix representation. We now replace F? by using eq. (A).
This leads to

D2® = g <8Vb F21V — D2 (Vb beV)) (A.8)
or
ACE SV JHIV) = 4xV f2V (A.9)
For simplicity we introduce
U=0+ ngbev (A.10)
which satisfy
D2 W = 4kVbf2b'V (A.11)
We solve this equation with the ansatz
1 _
V=V v 0 1% (A.12)
g 0p®1y
4 _
DU = 72 Vof (Lp + givgi) % (A.13)

where a linear operator L is defined so that

Lo = —{om, lam, 0] — 510 0} (A1)

Thus the equation D2,¥ = 2xVbf2b'V can be solved if

8 2
giQ (Lgo + q,~wj,~> —8n2klg =0 (A.15)
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Note that the above equation is invariant under (¢,¢) — (q,¢) + ¢(1n,1xk). Once the
solution is known, the traceless scalar field configuration would be
O(z) =V # 0 vV — " 92 Indetf (A.16)
0 (g%—gf(:n))®12 AN T ’

where the traceless condition implies that tryq 4+ trgp = 0.
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